Abstract. Let Ω 0 be an ellipsoidal inclusion in the Euclidean space R n . It is checked that if a solution of the homogeneous transmission problem for a formally selfadjoint elliptic system of second order differential equations with piecewise smooth coefficients grows linearly at infinity, then this solution is a linear vector-valued function in the interior of Ω 0 . This fact generalizes the classical Eshelby theorem in elasticity theory and makes it possible to indicate simple and explicit formulas for the polarization matrix of the inclusion in the composite space, as well as to solve a problem about optimal patching of an elliptical hole. §1. Setting of the transmission problem Let Ω 0 be a nonempty domain in the Euclidean space R n , n ≥ 2, with a smooth (of class C ∞ ) boundary, and let Ω 1 = R n \ Ω 0 be its exterior. Suppose it has compact closure:
§1. Setting of the transmission problem
Let Ω 0 be a nonempty domain in the Euclidean space R n , n ≥ 2, with a smooth (of class C ∞ ) boundary, and let Ω 1 = R n \ Ω 0 be its exterior. Suppose it has compact closure: Ω 0 = ∂Ω 0 ∪ Ω 0 ⊂ B R = {x : |x| < R}, R > 0. We place the origin of a Cartesian coordinate system x = (x 1 , . . . , x n ) in the interior of Ω 0 . Let D(∇ x ) be an (N ×k)-matrix of first order differential operators with constant and, in general, complex coefficients, and let A i , i = 0, 1, be numerical Hermitian positive definite matrices of size N × N . We introduce the formally selfadjoint (k × k)-matrices of second order differential operators
and consider the following system of differential equations with transmission conditions on the interface Γ = ∂Ω 0 = ∂Ω 1 :
Our problem needs a more detailed description.
To start with, we clarify the notation. By u i we mean the restrictions of the vectorvalued function u = (u 1 , . . . , u k ) to the sets Ω i ; this function, as well as the righthand sides f , g of the problem, are viewed as columns, i.e., means transposition. Also, ∇ x = grad and the bar means complex conjugation, so that D(−∇ x ) is the matrix differential operator formally adjoint to D(∇ x ). Finally, N i is the operator of the Neumann boundary conditions,
and ν(x) is the outward unit normal (column) on the boundary Γ of Ω 0 .
S. A. NAZAROV
All the subsequent considerations equally pertain also to the outer Neumann problem
, x∈ Γ, (1.5) which can be obtained from problem (1.2), (1.3) by limit passage as A 0 → 0 ∈ C N ×N . We emphasize that the minus sign on the left-hand side of the boundary condition is caused by the fact that ν is the inward normal for the domain Ω 1 . In Remark 4.4, we shall discuss the limit passage as A 0 → ∞ ∈ C N ×N . Now we list the requirements imposed on the matrix D(∇ x ). It is assumed to be algebraically complete [1] : there is a number D ∈ N := {1, 2, . . . } such that for any row p(ξ) = (p 1 (ξ), . . . , p k (ξ)) of homogeneous polynomials of degree ≥ D in the variables ξ = (ξ 1 , . . . , ξ n ) there exists a polynomial row q(ξ) = (q 1 (ξ), . . . , q N (ξ)) for which (1.6) p(ξ) = q(ξ)D(ξ), ξ ∈ R n .
In this case, the formally selfadjoint operator (1.1) is said to be formally positive and turns out to be elliptic, and the pair {L i , N i } satisfies the Shapiro-Lopatinsky conditions (see [1] and [2, 3] ). Also, the corresponding Hermitian sesquilinear forms
possess the polynomial property [2, 3] :
Here Ξ is an arbitrary domain in R n and P is a finite-dimensional linear space of vectorvalued polynomials. With the help of (1.6), it is not hard to verify (see, e.g., [2, 3] ) that the degrees of the scalar polynomials p j in the linear space do not exceed D − 1. By ( , ) Ω we mean the natural scalar product in the Lebesgue space L 2 (Ω) m ; the index m indicates the number of components of vector-valued functions, but we do not write it in the notation for scalar products and norms.
In the survey [3] , the reader can find many examples of specific problems of mathematical physics that possess the properties required above. Here we restrict ourselves to two of them, discussed below. 
Example 1.2.
For the 3-dimensional (n = 3) linearized system of elasticity theory that describes the deformation of an anisotropic and nonhomogeneous composite body, the operators (1.1), written in the matrix (rather than tensor; see, e.g., [4, 5] ) form, are composed of real (6 × 6)-matrices of elastic modules and a (6 × 3)-matrix D(∇ x ), It is not hard to check that the matrix (1.6) is algebraically complete (see (1.10) ); in particular, k = 3, N = 6, and D = 2. As to the polynomial property (1.8) , it involves the linear space P = {p(x) = d(x)a : a = (a 1 , a 2 , a 3 , a 4 , a 5 , a 6 ) ∈ R 6 }, (1.12) and contains components of the stress tensor. The matrix A i , which relates the columns of stresses and strains, is called the stiffness matrix; its symmetry and positive definiteness are prescribed by the nature of the elastic medium. Example 1.3. In the 2-dimensional (n = 2) problem of elasticity theory, the operators (1.1) of size 2 × 2 are built out of the (3 × 3)-matrices A i and (
In this setting, dim P = 3,
and
12 (u) are columns of strains and stresses, respectively. For an isotropic medium, the stiffness matrices have the form
where λ i ≥ 0 and μ i > 0 are the Lamé constants.
§2. Preliminary description of results
In §3, we study the solvability of problem (1.2), (1.3) and the asymptotics of its solutions. After that, in §4, we define an integral characteristic of the inclusion Ω 0 in the composite space Ω 1 , namely, the polarization matrix P (see [6] and [7, 8] for scalar problems and elasticity theory problems, respectively, and also [9] for general formally selfadjoint elliptic systems). This characteristic occurs in asymptotic formulas for various functionals calculated at the solution of the singularly perturbed boundaryvalue problems
and Ξ is a domain in R n with smooth boundary ∂Ξ and compact closure s Ξ = Ξ∪ ∂Ξ; the origin of the x coordinates is assumed to lie inside Ξ. Also, we assume that the origin of the ξ coordinates is in the interior of ω.
The polarization matrix admits two descriptions: it is formed by the coefficients in the expansions at infinity of special solutions of problem (1.2), (1.3) and is the Gram matrix constructed by these solutions with the help of the scalar product
(see the proof of Proposition 3.1). Explicit formulas for the polarization matrix are known for some specific scalar differential equations and systems of mathematical physics in the case of the canonical cavities 1 , and therefore, the optimization problem for the cavity's shape or for the shape and the physical properties of an inclusion becomes fairly difficult in general. In elasticity theory, to study the properties of composite bodies (see Examples 1.2 and 1.3), the classical Eshelby theorem is used, which states that inside the ellipsoidal inclusion
at infinity turns out to be constant. This theorem, proved for isotropic media in the original paper [14] , was discussed, applied, and generalized to anisotropic media and polynomial loadings in a huge number of publications (see the books [15, 16] , the papers [17, 18, 19, 20, 21] , and the references therein). Nevertheless, in the literature, the author could not find any purely mathematical justification of the claim stated, without gaps admissible only at a physical level of rigor: inversion of matrices without verification that they are nonsingular, regularization of a singular integral operator after compilation of the corresponding equation, and so on. Therefore, one of our main goals in the present paper became the proof of Theorem 5.1 (see §5) for the transmission problem (1.2), (1.3) in the case of the ellipsoid (2.6), and also the introduction of canonical objects such as the link matrix T in the formula
It should be emphasized that T is a Hermitian positive definite matrix for any A 0 and A 1 . As a by-product, the relationship (5.23) was found between the polarization matrix P and the link matrix T , which allowed us in §6 to construct a simple algorithm that solves an optimal patch problem: having a small ellipsoidal hole ω h (see formulas (2.4), (2.6) and Figure 1 ) in a body G with the matrix A 1 , it is required to cut a patch ω h out of a material with the matrix A 0 so that the energy functional
take its minimal (maximal) value. In other words, the shape of the patch is fixed, and we must relate the position of the ellipsoid ω h to the axes of anisotropy of the patch's material, which is assumed to be homogeneous, but anisotropic (the coefficient matrix A 0 is constant, but arbitrary). In formula (2. 3) ). In Theorem 6.1 we give an explicit solution of the scalar version of the patch problem. §3. Solvability of the transmission problem Due to the structure of the differential operators (1.1), (1.4) and the sesquilinear forms (1.7), the Green formula is valid,
k are compactly supported vector-valued functions continuous on R n and continuously differentiable in the domains Ω i up to the boundary Γ. The minus sign of the last scalar product on the left in (3.1) is explained by the same reason as in the boundary conditions (1.5). Thus, the variational setting [22, 23] of problem (1.2), (1.3) looks as follows:
The natural energy space H is the closure of the linear space
In the proposition below it will be shown that the norm in H can be given by the formula
with the weight factor
Also, if n = 2, we assume the orthogonality conditions
Then the variational problem (3.2) has a solutions u ∈ H (a weak solution of problem (1.2), (1.3)), which turns out to be unique if n > 2 and is determined up to a constant summand in
Proof. The algebraic completeness of the matrix D implies the inequality
with some constant c D . Such an inequality was established in [1, Theorem 7.3.6, p. 191] even for an arbitrary domain bounded by a Lipschitzian surface; however, since in the case of an unbounded domain the proof is simple, we present it here for the reader's convenience.
Applying the Fourier transformation v(x) → p v(ξ) and the Parseval identity, we obtain
We check that
then formula (3.8) implies (3.7) after the inverse Fourier transformation. Suppose inequality (3.9) fails, so that there exist nonzero columns a 0 ∈ C k and ξ 0 ∈ R n such that
, we take the scalar product of this identity and the column a
, which implies that either a 0 = 0 or ξ 0 = 0, a contradiction. If n ≥ 3, after passage to the spherical coordinates (r, ϕ) ∈ (0, ∞) × S n−1 and integration over the unit sphere S n−1 , the one-dimensional Hardy inequality
provides the estimate
The weight factor |x| −1 on the left is not less than ρ(x) = (1 + |x|) −1 . If n = 2, then relations (3.10) and (3.11) are replaced with
It should be emphasized that, before applying the "logarithmic" Hardy inequality (3.12), we should multiply u by a cutoff function that vanishes for |x| ≤ r (the norm u; L 2 (Ω 0 ) on the right in (3.13) emerges precisely for this reason), and the radius r is chosen so as to ensure that B r ⊂ Ω 0 . This leads to important consequences: unlike the case where n ≥ 3, for n = 2 the expression (2.5) is a scalar product in the quotient space H/C k rather than in the energy space H with the norm (3.3). In order to check that the constant columns fall within the closure H of C 
and observe that these functions belong to C ∞ c (R 2 ) k and satisfy
The nonconstant polynomials lie outside H because the integral on the left in (3.13) diverges. So, for n ≥ 3, formulas (3.7), (3.11) show that the left-hand side of (3.2) can be taken as a scalar product in the Hilbert space H. Furthermore, conditions (3.5) make the righthand side of (3.2) a continuous functional on H v; hence, by the Riesz representation theorem, problem (3.2) has a unique solution, and
To verify the claim for n = 2, observe that, for the same reasons as before and by inequalities (3.7), (3.13), for μ > 0, the variational problem
is uniquely solvable; also, we have estimate (3.14) , in which the weight factor is defined as in the lower formula in (3.4), but the constant c = c(μ) grows unboundedly as μ → +0. It remains to mention that the additional summand (u, v) Ω 0 in (3.15) gives rise to a compact perturbation of the operator of problem (3.2) in the space H, and to employ the Fredholm alternative: the orthogonality conditions (3.6) mean that the functional on the right in (3.2) degenerates at the solutions of the homogeneous problem, i.e., at the constant (by the polynomial property (1.8)) columns b ∈ C k .
We introduce the Kondrat ev space V l β (Ω 1 ) (see [24] and also, e.g., the book [25] ), depending on the smoothness exponent l ∈ N 0 := {0, 1, 2, . . . } and the weight β ∈ R, with the norm 
Here ∇ s is the tangent gradient, and ds x is an element of the (n − 1)-dimensional surface area.
With problem (1.2), (1.3) we associate the mapping
,
In accordance with the definitions above, the mapping (3.17) is continuous for all indices l ∈ N and β ∈ R, but, as is well known, acquires "better properties" only if the weight index lies in a special interval. The general results of [25, §6.1] and [3, §2] imply the following statement, based on the polynomial property (1.8).
Proposition 3.2. 1) For n ≥ 3, The map (3.17) is an isomorphism if and only if
|β − l| < −1 + n/2. 2) Let n = 2. If β ∈ (l, l + 1), the map (3.
17) is a Fredholm monomorphism with a k-dimensional cokernel formed by the defect functionals indicated on the left-hand side of (3.6), and if β ∈ (l − 1, l), then it is a Fredholm epimorphism with a k-dimensional kernel spanned by the constant vector-valued functions.
Remark 3.1. Proposition 3.2 is in agreement with Proposition 3.1 and can be used to improve the smoothness of the weak solution. For example, suppose that
Then for n ≥ 3 the requirement (3.5) is fulfilled, and the weak solution u ∈ H of problem (1.2), (1.3) becomes classical, belongs to the space
k , and satisfies
Alternatively, if n = 2, then formulas (3.18) ensure the inequality β > l, and thereby, the validity of (3.5) with the weight factor (3.4). Thus, by Proposition 3.1, if the solvability conditions are satisfied, then problem (1.2), (1.3) admits a weak solution u ∈ H determined up to a constant summand. At the same time, Proposition 3.2 (2) (see the description of the cokernel) provides a unique classical solution
k ∩ H and guarantees estimate (3.19) . The criterion for choosing a unique solution is explained in Remark 3.2.
The theorem on asymptotics for solutions of exterior boundary-value problems (see [24, 26] and also [25, §6.4] ) yields a representation of the solutions of the transmission problem (1.2), (1.3) as r = |x| → ∞. Let Φ(x) denote the fundamental matrix for the operator L 1 (∇ x ) in the space R n , which satisfies the relation
where δ is the Dirac function, and I k is the unit matrix of size k × k. It is known (see, e.g., [27] ) that
where (r, ϕ) are the spherical coordinates, Φ 0 is a smooth matrix-valued function on the unit sphere S n−1 = ∂B n 1 , and C Φ is a constant (k × k)-matrix; if n = 2, then the entries of Φ 0 have zero mean. Identity (3.20) can be understood as follows:
Note that R −1 x is the outward unit normal to the sphere S n−1 R = {x : r = R}, and that the two integrals in (3.22) do not depend on the radius R > 0 of the sphere.
Proposition 3.3. Suppose that
which ensures, in particular, the membership relation in (3.18); if n = 2, we assume additionally the orthogonality condition (3.6) .
where the Φ p (x) are the columns of the fundamental matrix Φ(x), the remainder term
k , and the c j,p are some constants; in the case n = 2 we have
Also, the following estimate is valid :
k is the solution of (1.2), (1.3) indicated in Remark 3.1, then u + c is a weak solution belonging to the energy class H for any column c ∈ C k , because c ∈ H (this was proved before), and
k ⊂ H by the definitions of the norms (3.3), (3.16 ) and the restriction (3.18) imposed on the weight index. In other words, the solutions mentioned in Propositions 3.1 and 3.2 differ by a constant summand. In Proposition 3.3, this fact was taken into account by identity License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use THE ESHELBY THEOREM AND PATCH OPTIMIZATION PROBLEM 799 (3.25), but the corresponding statement can easily be adjusted to weak solutions: it suffices to remove identity (3.25) and delete the index p = 0 in summation in (3.26) .
Throughout in what follows, if the smoothness exponent l ∈ N is fixed, then the weight indices β and γ are assumed to satisfy the restrictions mentioned in (3.18) and (3.23). §4. The polarization matrix
We start with writing the differential operators L i in a simpler form. Permuting the rows of the matrix D(ξ), we can arrange that the top N 0 rows be linearly independent and the bottom N 1 = N − N 0 rows be linear combinations of the top rows. Of course, this permutation is accompanied by the corresponding reconstruction of the matrices A i and the columns u i and f i , g. As a result, we arrive at the formulas 
Here, in braces we have an (
, which is Hermitian for obvious reasons and positive definite because
Thus, the operators (1.1) and (1.4), and also the forms (1.7), admit a concise writing with matrices A i and D of smaller size. We assume that such simplifications have been done from the outset, and thereby, since the rows of D(ξ) are linearly independent,
where L 1 is the linear space of homogeneous linear vector-valued functions
We identify this linear space with C k×n by reducing the functions (4.2) to the coefficient columns (l
The right-hand side is a scalar product in C k×n ; hence, the form on the left in (4.3) induces a scalar product in the Hilbert space L 1 of the vector polynomials (4.2).
We denote by s
is Hermitian and positive definite. Let D 1/2 be the positive square root of D. We modify the writing of the operators L i once again:
The matrices r
Again, we assume that the changes
have been made from the outset. As a result, after a due redenotation, we arrive at the identity
which is important for what follows, while the operators (1.1), (1.4) and the forms (1.7) remain the same. We fix a specific basis in the linear space L = L 1 ∪L 0 of linear vector-valued functions:
The first N and the last k elements are given by
The remaining elements form a basis in the linear space L 1 ∩ (P C k ) (recall the polynomial property (1.9) and the scalar product (4.3) in the space L 1 ). They are chosen arbitrarily, but all the vector-valued functions in (4.5) are subject to the conditions
It should be mentioned that for the vectors (4.2) the substitution symbol x=0 in formula (4.7) is not needed, but its presence makes it possible to extend this formula to all indices j, p = 1, . . . , k(n + 1).
The 
2) In the case of the 3-dimensional system of elasticity theory (see Example 1.2),
where d and D are the matrices (1.10) and (1.11). In the 2-dimensional case (see Example 1.3), the two linear spaces (4.8) become 3-dimensional, but they are given by the same formulas as before with the matrices d and D as in (1.13) and (1.14). The normalization conditions (4.4) are satisfied due to the factor 2 −1/2 in the formula for D.
The vectors q N +1 , . . . , q k(n+1) are solutions of the homogeneous (f = 0 and g = 0) problem (1.2), (1.3), because q j ∈ P and D(∇ x )q j (x) = 0 for j = N + 1, . . . , k(n + 1). On the other hand, the vectors q 1 , . . . , q N leave discrepancies in the second transmission condition (1.3), but satisfy (1.2). For j = 1, . . . , N, there exists a solution p
3) with the right-hand sides
Note that D(∇ x )q j is a constant column of height N , and the orthogonality conditions (3.6) are fulfilled for n = 2 because Γ ν(x) ds x = 0. Thus, the sums ζ (j) = q j + p ζ (j) also turn out to be solutions of the homogeneous problem (1.2), (1.3) with linear growth at infinity.
Since the right-hand sides (4.9) satisfy (3.23), the vector-valued functions p ζ (j) , j = 1, . . . , N, admit the expansions (3.24), which we rewrite as follows:
Our nearest goal is to check that, for the specific right-hand sides (4.9), we have
We use the method of [28] .
Here we deal with the polarization matrix P , mentioned in §2 and composed of the coefficients P jp in the expansions (4.10). 
(4.13)
Some comments on the above calculation are in order. First, we used the fact that D(∇ x )q p = 0 and the Gauss-Ostrogradskiȋ formula, together with the expression (4.9) for the right-hand side g j of the second transmission condition (1.3) for p ζ (j) . Then we used the Green formula mentioned above: the volume integrals disappeared by the first two identities in (4.9), and, in the integral over the sphere S n−1 R with the unit normal R −1 x, the vector-valued function p ζ (j) is replaced with the sum Σ (j) of asymptotic terms singled out in (4.10). The impact of the remainder term r
k is estimated as follows:
(4.14)
Here we have used the embedding
) (after the coordinate dilation x → x = R −1 x) and placed the weight factors under the integral, due to the relation R > |x| ≥ R/2, x ∈ B 
The quantity o(1) is removed by the limit passage as R → +∞. On the other hand, we have
The right-hand side is the sum of two Hermitian forms evaluated at the pairs p
and q j , q p , i.e., P is a Hermitian matrix. Moreover, the last but one elements in (4.16) form a Gram matrix, which is positive definite, because the solutions p ζ (1) , . . . , p ζ (N ) are linearly independent and the form a(·, ·; R n ) is a scalar product in the energy space H for n ≥ 3, while for n = 2 this form is such in the factor space H/C n , to which all the solutions mentioned belong (see Remark 3.2). Finally, by (4.5) and (4.4), the last term in (4.16) is equal to (A In that case, the interior of the set Ω 0 may be empty; for instance, this set can be part of an (n − 1)-dimensional surface on the sides of which the Neumann boundary conditions can be posed. Since meas n Ω 0 = 0 and the last term in (4.16) vanishes, the matrix P can lose its negative definiteness, but will be singular negative for sure. In the exterior elasticity theory problem, the polarization matrix of size 3 × 3 for a crack that is a segment on the elastic plane R 2 has rank 2, and the polarization matrix of size 6 × 6 for a plane crack in the elastic space R 3 has rank 3 (see [7] ). At the same time, for curved cracks the polarization matrices may remain nonsingular.
Deepening the matrix form of writing, we put
k×N is the (k × N )-matrix whose columns are solutions of problem (1.2), (1.3) with the right-hand sides (4.9). Using the identities (4.10) (already checked), we see that the expansions (4.11) read
Note that the double transposition is introduced to match the order of differentiation and multiplication of matrices; the weight indices β and γ are taken from (3.18) and (3.23), respectively. In the matrix form, the representation (4.16) reads
Remark 4.3. Since the system (1.2) of differential equations for the matrix-valued functions ζ in Ω 1 is homogeneous, the results of [29] provide estimates for the asymptotic remainder terms at infinity. For the entries of ζ itself this yields (4.20) and for the components p ζ and r ζ we have
Formulas (4.20) reflect the fact that ζ(x) grows linearly as |x| → ∞.
Observe that a faster rate of decay of the entries of p ζ is due to the relations C j,kn+1 = · · · = C j,k(n+1) = 0 (see (4.11) and (4.5), (4.6)). In general, the solution u of problem (1.2), (1.3) with the right-hand side f 1 = 0 is subject to the estimates
for n = 2 and j = 0 the majorant c 0 in (4.21) should be replaced with c 0 (1 + ln |x| ) in accordance with (3.21) and (3.24).
Proposition 4.2. If the eigenvalues of the (N × N )-matrix (A
, then the polarization matrix P is positive definite.
Proof. We represent the matrix of special solutions (4.17) in the form
Clearly, p z 1 = p ζ 1 , but p z 0 differs from p ζ 0 ; in particular, the second transmission conditions (1.3) for the matrix-valued function p z = {p z 1 , p z 0 } become homogeneous, because
which is ensured by the normalization (4.4). The representation (4.22) implies the transmission condition
Here
. Repeating the calculations in the proof of Proposition 4.1, this time with the matrixvalued functions ζ and p z, we arrive at the formula
It should be noted that, first, the factor in the integrand does not depend on i = 0, 1, and second, the minus sign, absent in (4.15) and (4.16), is determined by the homogeneous first and nonhomogeneous second transmission conditions (1.3) for p z. Using the definition (4.22) and the transmission conditions (4.23), we deduce the following representation, similar to (4.19):
Now the claim becomes obvious.
Remark 4.4. The limit passage as A 0 → 0 ∈ C N ×N turns the transmission problem (1.2), (1.3) into the exterior Neumann boundary-value problem (1.5) for the domain Ω 0 , and the polarization matrix is always negative definite by Proposition 4.1, which remains valid after such limit passage (cf. Remark 4.2). In elasticity theory, the change of the rigidity matrix A 0 that causes an unbounded growth of all its eigenvalues results in a boundary-value problem about an absolutely rigid inclusion Ω 0 , different from the Dirichlet problem (see, e.g., [30] ). In the same way, the limit passage as A 0 → +∞ yields a problem with an integro-differential boundary condition 
Therefore, our next claim becomes evident. Since the surface Γ is smooth, the results of [23, 31] show that the matrix-valued function p ζ, as defined in (4.17), turns out to be infinitely differentiable on the sets Ω i up to the boundary Γ; here i = 0, 1. By identity (4.4) and the definition of the polynomials q 1 , . . . , q N (see formulas (4.5), (4.6)), the solution (4.18) of problem (1.2), (1.3) with the right-hand sides (4.9), j = 1, . . . , N, can be written as
where η is a matrix solution of the same problem with f = 0 and g(x) = D(ν(x)) . The latter problem can be rephrased as follows:
In other words, η solves a system of differential equations with constant coefficients in the entire space R n ; the right-hand side of this system is representable as the sum of a matrix-valued function F of class L 2 (R n ) k×N with compact support and the Dirac function distributed along the surface Γ with density G (see, e.g., [23] ).
We deduce an integral representation for η 0 . For this, we formulate some known properties of the fundamental matrix (see, e.g., [27] ); we present some comments on their proofs for the reader's convenience. Lemma 5.1. We have
Proof. The first formula in (5.3) follows from the next observation: the change x → −x affects neither the left-hand nor the right-hand side of equation (3.20) , in accordance with the definitions of the operator L 1 and the Dirac function δ. The second formula is obtained by substituting the matrices Φ(y), Φ(y − x) in the Green formula for the domain {y ∈ R n : min{|y − x|, |y|} > r > 0}
(the space without two balls of small radius r that are centered at y = x and y = 0), and by the limit passage as r → +0, with the use of formula (3.22) .
By the definition of the fundamental matrix Φ, we have
Formula (3.21) shows that the derivatives of the fundamental matrix entries behave as O(|x| 1−n ), so that the last integral in (5.4) converges absolutely for all x ∈ R n .
To calculate the matrix-valued function τ 0 = D(∇ x )η 0 , we consider the neighborhood ω h (x) = {y : h −1 (y − x) ∈ ω} of a point x ∈ Ω 0 in the integration set; here ω is a domain bounded by a closed Lipschitzian surface ∂ω and containing the origin, and h > 0 is a parameter sufficiently small to ensure that ω h (x) ⊂ Ω 0 . As a result, we find
where e (j) is the unit vector of the x j -axis, and ν h is the outward unit normal to the boundary of ω h (0). Formula (5.6) is provided by the change y → z = y − x, together with the boundedness of the derivatives of η 0 in Ω 0 and the weak singularity (of order O(|z| 1−n )) of the first derivatives of the entries of the fundamental matrix Φ(z). Applying the formula
which is well known and easily verified, we can rewrite the first integral on the right-hand side in (5.7), which arose because the integration domain in J (Ω 0 \ ω h (x)) is variable, as follows:
The error term in (5. 
obtained by application of the Gauss-Ostrogradskiȋ formula to the surface integral (5.9) (χ ω is any smooth cutoff function with compact support equal to 1 near the set ω 1 (0)).
The last integral J 2 h (x) in (5.7) will be transformed as follows:
(5.10)
Since the matrix-valued function τ 0 is smooth in Ω 0 and |τ
0 (x) over the domain Ω 0 converges absolutely, and the first term in the middle part of (5.10) admits a limit passage as h → +0, which leads to the difference integral operator
where the kernel K(y − x) has a singularity of order O(|y − x| −n ). If the function τ 0 is smooth, then the integral (5.11) converges absolutely.
The coefficient
h (x) does not depend on h. Indeed, for H > h > 0 we have
The coincidence of the integrals over the surfaces ∂ω H (x) and ∂ω h (x) is ensured by the homogeneity of order 1 − n of their (common) integrand. Thus, the integral (5.12) gives us some (N × N )-matrix-valued function in the domain K. Passing to the limit in (5.5) and using the transformations made above, we arrive at the integral equation
If we manage to find a vector-valued function τ 0 smooth in Ω 0 and satisfying (5.14), then we shall be able to use formula (5.4) (without its middle part) to recover the solution η of problem (5.2), and the classical results about integral operators (see, e.g., [32] ) show that η belongs to the space
is over a bounded domain, the restriction of η 1 to Ω 1 admits the estimate
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use a b c Figure 2 . Transformation of ellipsoids. Now, applying general results about the lifting of differential properties and the behavior at infinity of solutions of boundary-value problems and transmission problems (see [33, 24, 29] and [34, 23, 31] , respectively), we see that η belongs to the weighted class
Since, by Proposition 3.2, the uniqueness theorem is valid for this class, the recovered function η coincides with the true solution of problem (5.2).
In general, to find a solution of the integral equation (5.14) is as difficult as to solve the differential problem (5.2) itself. Therefore, the following observation, made in [14] for elasticity theory problems, looks unexpected: in the case of similar ellipses Ω 0 and ω h , the equation admits a constant solution τ 0 , and the matrix K turns out to be zero in this case (see also [15, 16] ).
Let Ω 0 be the ellipsoid (2.6). We verify that expression (5.12) equals zero for all x ∈ Ω 0 . For this, we fix a point x 0 ∈ Ω 0 and choose the sizes h > 0 and H > 0 so that the ellipsoids ω h (x 0 ) and ω H (x 0 ) touch the ellipsoid Ω 0 , similar to them, from inside and from outside, respectively (see Figure 2, a, b) . Simple geometric arguments 2 show that the tangent points x h and x H of the pairs of surfaces ∂ω h (x 0 ), ∂Ω 0 and ∂ω H (x 0 ), ∂Ω 0 lie on the line passing through the centers x 0 and x = 0 of the ellipsoids ω h (x 0 ), ω H (x 0 ) and Ω 0 , respectively. Applying formula (5.13), i.e., adding a zero integral, and using the fact that (ω
Observe that, for the same reason as before, the contraction and shift of the Cartesian coordinate system that take ω H (x) and Ω 0 to Ω 0 and {z : −z ∈ ω h (x)}, respectively (see Figure 2 , b, c), do not affect the last integral in (5.13). Therefore, the integral on the left in (5.15) becomes equal to the half-difference of the integrals over the sets depicted in Figure 2 , a, c, and this quantity vanishes because the fundamental matrix is even (see the first formula in (5.3) ). Thus, indeed,
Now, it is not difficult to find a constant solution
that belongs to the kernel of the integral operator (5.11), provided that the matrix (5.17)
is nonsingular. The first two terms do not depend on the matrix A 0 in the inclusion Ω 0 ; therefore, the matrix (5.17) is invertible at least for a.e. A 0 . For instance, fixing 2 The simplest way of verification consists in making an affine transformation x → (
. . , −1 n x n ) and passing to balls, for which the required geometric facts are obvious.
an (N × N )-matrix A
0 , Hermitian and positive definite, we see that if A 0 = μA 0 and μ > 0 is large, then the matrix (5.17) is invertible. First, we shall deal precisely with such matrices, and then the result will be extended to all coefficient matrices A 0 . We define the transfer matrix
The name is justified by formula (2.7), which is implied by the relations
valid due to (5.1) and (4.4). Using the Green formula (3.1) and the transmission condition (1.3) with the right-hand side D(ν(x)) for η, we obtain
On the left in (5.19) we have the Gram matrix built by the (linearly independent) columns of the matrix η = (η (1) , . . . , η (N ) ) with the help of the scalar product (2.5). It follows that the link matrix T is Hermitian and positive definite. Thus, the last factor Ψ in (5.16) is a nonsingular matrix, so that
Here O N is the null (N × N ) 
Letting μ tend to zero, we arrive at the relations
which entail the next statement. We denote by Ψ the positive square root of the positive definite matrix Ψ 1/2 ; using (5.16) and (5.18), we can write the link matrix in a symmetric form: 
where l ∈ N, and the weight index β is as in (3.18) ; i.e., the remainder p
is constant inside the ellipsoid, and we have 
Consequently,
Plugging the expression (5.22) for the link matrix T into (5.23), we obtain the formula
If A 0 = 0 and Ω 0 is a cavity, then the polarization matrix for the exterior Neumann problem (1.5) takes the simple form
Note that all matrices whose inverses occur in (5.24) and (5.25) are indeed nonsingular by what has been proved above. §6. Patch optimization Consider the Dirichlet problem (2.1)-(2.3) with the transmission conditions (2.2) on the boundary ∂ω h of a small inclusion ω h . Suppose that f ∈ C 0,α (Ξ) k ; then, by [33] , a unique bounded solution of the limiting (h = 0) problem
belongs to the Hölder class C 2,α (Ξ) k , which has the norm
There are two methods for constructing the asymptotics of solutions of elliptic, singularly perturbed boundary-value problems, namely, involving matched asymptotic expansions and compound asymptotic expansions (see, e.g., the books [35] and [36] , respectively). For the most part, these methods are equivalent. In the required generality, the problem about a small cavity or inclusion was studied with the help of one or the other method in [37, 38, 9, 39] , and simple examples were considered in [37, 40, 8, 41] and other publications. Therefore, the result of the asymptotic analysis of the energy functional (2.8) will be formulated below without accompanying calculations and the justification procedure, but with only brief explanations in Remarks 6.1 and 6.2.
k is the solution of the limiting problem (6.1) in the domain Ξ and P is the polarization matrix of the inclusion Ω 0 = ω 1 in the ambient space Ω 1 = R n \ ω 1 (see Propositions 4.1, 4.2 and formula (4.18)), and the remainder in (6.2) satisfies the estimate
where c is a constant independent of the vector-valued function f and the parameter h ∈ (0, h 0 ], h 0 > 0.
Remark 6.1. In accordance with the notation (4.5), the Taylor formula for v (0) can be written as follows: hZ 
The asymptotics of the functional (2.8) can be calculated as follows. First, by application of the Green formula, the solution v (h) is replaced with its asymptotic representation
Note that, by the same Green formula, the expression on the right in (6.9) is equal to
Ξ and is real because the form is Hermitian; the dots hide infinitesimally small quantities of order O(h n+α ) -this estimate is ensured by the results of the paper cited above. Next we use the relations
(see Remark 4.3). Finally, we use (4.18) and (3.21) to compute the remaining integral:
(6.10)
For this we observe that, by condition (6.8), the sum
satisfies the homogeneous Dirichlet problem (6.1) in the punctured domain Ξ\{0} ⊂ Ξ(δ). Now, with the help of the Green formula in the domain Ξ(δ) = Ξ \ ω δ , we obtain the relation
(6.11)
It should be noted that the last identity is based on the calculations (4.15), (4.13) in the proof of Proposition 4.1, and (
Also, the expression involving the (Hermitian) polarization matrix P is real. Collecting the above formulas and letting δ → +0, we arrive at the asymptotic expansion (6.2), (6.3).
Remark 6.2. For the singularly perturbed mixed boundary-value problem
Proposition 6.1 can be deduced via the limit passage as A 0 → O N , but this method meets calculational difficulties, so that it is convenient to deduce the result independently. Problem (6.12) gives rise to the exterior Neumann problem (1.5) for the description of the boundary layer phenomenon, and the right-hand sides g 1 and g 2 for the components Z 1 and Z 2 take the form
In other words, formula (6.5) for Z 1 remains valid, but identity (6.6) is replaced with the following:
Consequently, the same method [28] as before shows that the second term of the boundary layer type has the following asymptotics:
so that it contributes nontrivially to the boundary condition in (6.7), (6.8). Namely, this condition takes the form
Thus, in formula (6.11), in addition to the previous expression involving the polarization matrix, the expression Re f (0) v (0) (0) meas n Ω 0 arises. After multiplication by − 
As a result, we see that the asymptotic formula (6.2) remains valid without changes also for the mixed boundary-value problem (6.12).
To pose the inclusion optimization problem ("inclusion" should be exchanged for "patch" in the 2-dimensional case), we need to assume some isotropy property of the matrix differential operator D(∇ x ). Namely, for any orthogonal transformation 2) the matrices enlarge and become bulky; they can be found, e.g., in the paper [42] .
Thus, the optimization problem mentioned above can be formulated as follows: in a medium R n with matrix A 0 , we need to cut a domain ω h (inclusion, or patch in the 2-dimensional case), with fixed shape but arbitrary position, so that, after filling the cavity in Ξ(h) with this inclusion, the energy functional should take its maximal (or minimal) value. Since the medium is homogeneous (the matrix A 0 is constant), we should vary only the position of ω h relative to the axes of the Cartesian coordinate system x; this position is described by transformations (6.13) of coordinates and transformations (6.14) of the coefficient matrix of the differential operator L 0 (∇ x ). In other words, it is required to choose the orthogonal matrix ϑ in formula (6.13) so that the solution v The dependence of the matrix ϑ, and hence, of the solution Θ, on ϑ is assumed to be smooth; therefore, the functional has points of global maximum and minimum. However, in the general situation, it is fairly difficult to find them, because the functional in question depends on the solution of the singularly perturbed problem as a whole. If we adopt the asymptotic approach to optimization, i.e., we only study the asymptotic correction term O(h n ) in the expansion (6.2), then the problem simplifies significantly, but still requires solving the family of equations (1.2) with the transmission conditions (1.3), (4.9) for determining the polarization matrix P ϑ .
For an ellipsoid-shaped inclusion ω h , formula (5.24) makes the inclusion optimization problem entirely algebraic, provided that the matrix Ψ defined by (5.9) is known: it suffices to calculate the stationary points of the sesquilinear form Then, since ϑ −1 = ϑ for orthogonal matrices, we see that the quadratic form (6.15) can be rewritten as follows:
We summarize. In order to maximize (minimize) the main asymptotic correction term O(h n ), the orthogonal coordinate change in the functional (6.2) must be chosen so that the column ϑ∇ x v (0) (0) be an eigenvector for the matrix A 0 corresponding to its smallest (largest) eigenvalue. Of course, this can be done in the case where ∇ x v (0) (0) = 0 ∈ R n . In the plane elasticity problem (see Example 1.3), the fundamental matrix (the KelvinSomiliana tensor) is known for an arbitrary homogeneous anisotropic medium (see [43] ), but simple calculations and the compact answer (6.16) are impossible even in the isotropic case, requiring the invocation of a computer. In 3-dimensional elasticity theory (see Example 1.2), the fundamental matrix is found explicitly only for the transversallyisotropic media [44, 45] and for media algebraically equivalent to them [42] . Also, we cannot expect any explicit formula such as (6.17) . Nevertheless, in the situation listed above, the optimization problem for inclusions or patches becomes purely algebraic.
